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Abstract
For a connected graph G, the convex hull of a subset C of V (G) is deﬁned as the smallest convex set in G containing C. A
subset C of V (G) is a hull set in G if the convex hull of C is V (G). The cardinality of a minimum hull set in G is called the hull
number of G. Chartrand, Harary and Zhang (2000) presented the hull number of the Cartesian product of a nontrivial connected
graph and K2. In this paper, we give the hull number of the Cartesian product of any two connected graphs.
© 2004 Elsevier B.V. All rights reserved.
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1. Introduction
Let G be a connected graph, V (G) the vertex set of G and dG(u, v) the length of a shortest path connecting vertices u and v
in G. The couple (V (G), dG) is a metric space on V (G). Any u− v path of length dG(u, v) is called a u− v geodesic. A subset
C of V (G) is convex if for every two vertices u, v ∈ C, the vertex set of every u− v geodesic is contained in C.
If u and v are in V (G), then the set IG[u, v] is the closed interval consisting of u, v and all vertices lying on a u− v geodesic
of G. If C ⊆ V (G), then the union of all sets IG[u, v] for u, v ∈ C is denoted by IG[C]. We simply refer IG[C] as I [C] when
no confusion arises. A set C is convex in G if I [C] =C. The convex hull [C] of C is the smallest convex set containing C. It can
be formed from the sequence {Ip[C]}, where p is a nonnegative integer, I0[C] = C, I1[C] = I [C], and Ip[C] = I [Ip−1[C]]
for p 2. For some p, we must have Iq [C] = Ip[C] for all qp. Further, if p is the smallest nonnegative integer such that
Iq [C] = Ip[C] for all qp, then Ip[C] = [C].
A set C of vertices of G is called a hull set in G if [C] = V (G), and a hull set in G of minimum cardinality is a minimum hull
set in G. The cardinality of a minimum hull set in G is called the hull number h(G) of G. Everett and Seidman [5] introduced
this concept. They characterized graphs having some particular hull numbers and obtained a number of bounds for the hull
number of graphs. Buckley and Harary [1] and Chartrand et al., [4] discussed further this concept. Moreover, [4] showed the hull
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number of the Cartesian product of a nontrivial connected graph and complete graph K2. Recently, [2] gave the hull number of
the composition of two connected graphs. For other graph theoretic terms which are assumed here, readers are advised to refer
to [6].
2. Results
TheCartesian product of two graphsG andH, denoted byG×H , is the graph with vertex set V (G×H)=V (G)×V (H) and
edge set E(G×H) satisfying the following condition: (u, u′)(v, v′) ∈ E(G×H) if and only if either u= v and u′v′ ∈ E(H)
or u′ = v′ and uv ∈ E(G).
In what follows, if C ⊆ V (G×H), then we denote the following:
Cf = {x ∈ V (G) : (x, v) ∈ C for some v ∈ V (H)};
Cs = {y ∈ V (H) : (u, y) ∈ C for some u ∈ V (G)}.
Lemma 1. Let G and H be connected graphs and C ⊆ V (G×H). If w ∈ Cf and z ∈ Cs , then (w, z) ∈ IG×H [C].
Proof. Let w ∈ Cf and z ∈ Cs . Then there exist v ∈ V (H) and u ∈ V (G) such that (w, v), (u, z) ∈ C. Clearly,
dG×H ((w, v), (u, z))= dG(w,w)+ dH (v, z)+ dG(w, u)+ dH (z, z)
= dG×H ((w, v), (w, z))+ dG×H ((w, z), (u, z)),
showing that (w, z) ∈ IG×H [(w, v), (u, z)]. Therefore, (w, z) ∈ IG×H [C]. 
Lemma 2. LetG andHbe connected graphs andC ⊆ V (G×H).For every n, the following holds: Ifw ∈ Cf and z ∈ In−1H [Cs ],
then (w, z) ∈ [C].
Proof. Suppose w ∈ Cf . If z ∈ Cs , then (w, z) ∈ IG×H [C] ⊆ [C] by Lemma 1.
Suppose the assertion holds for n = k > 1, that is, if z ∈ Ik−1
H
[Cs ], then (w, z) ∈ [C]. Let z ∈ I (k+1)−1H [Cs ] = IkH [Cs ]. If
z ∈ Cs , then (w, z) ∈ [C]. So, suppose z /∈Cs . Then there exist s, t ∈ Ik−1H [Cs ] such that z ∈ IH [s, t]. Thus, by the inductive
hypothesis, (w, s), (w, t) ∈ [C]. Since (w, z) ∈ IG×H [(w, s), (w, t)], we have (w, z) ∈ IG×H [[C]]. Since [C] is convex, it
follows that (w, z) ∈ [C]. The assertion now follows. 
Lemma 3. Let G and H be connected graphs and C ⊆ V (G×H). For every m and n, the following holds: If w ∈ Im−1
G
[Cf ]
and z ∈ In−1
H
[Cs ], then (w, z) ∈ [C].
Proof. Suppose z ∈ In−1
H
[Cs ]. If w ∈ Cf , then (w, z) ∈ [C] by Lemma 2.
Suppose the assertion holds for m = k > 1, that is, if w ∈ Ik−1
G
[Cf ], then (w, z) ∈ [C]. Let w ∈ IkG[Cf ]. If w ∈ Cf ,
then (w, z) ∈ [C]. So, if w /∈Cf , then there exist a, b ∈ Ik−1G [Cf ] such that w ∈ IG[a, b]. This implies that (w, z) ∈
IG×H [(a, z), (b, z)]by thedeﬁnitionof theCartesianproduct ofG andH. Furthermore, by the inductive hypothesis, (a, z), (b, z) ∈
[C]. Therefore, (w, z) ∈ IG×H [[C]] = [C]. 
Lemma 4. LetG×H be a connected graph and C ⊆ V (G×H). For every n, the following holds: If (a, b) ∈ In−1
G×H [C], then
a ∈ In−1
G
[Cf ] and b ∈ In−1H [Cs ].
Proof. Clearly, if (a, b) ∈ C, then a ∈ Cf and b ∈ Cs .
Suppose the assertion holds for n = k > 1, that is, if (a, b) ∈ Ik−1
G×H [C], then a ∈ Ik−1G [Cf ] and b ∈ Ik−1H [Cs ]. Let
(a, b) ∈ I (k+1)−1
G×H [C] = IkG×H [C]. If (a, b) ∈ C, then we are done. If (a, b) /∈C, then there exist (w, x), (y, z) ∈ Ik−1G×H [C]
such that (a, b) ∈ IG×H [(w, x), (y, z)]. This implies, by the inductive hypothesis, that w, y ∈ Ik−1G [Cf ] and x, z ∈ Ik−1H [Cs ].
Now, consider the following cases:
Case 1: Suppose exactly one of (w, x) and (y, z) is (a, b), say, (a, b) = (w, x). Then (a, b) ∈ Ik−1
G×H [C], a ∈ Ik−1G [Cf ] ⊆
Ik
G
[Cf ] and b ∈ Ik−1H [Cs ] ⊆ IkH [Cs ].
Case 2: Suppose none of (w, x) and (y, z) is (a, b). There are nine possibilities here. We shall only prove three cases. The
remaining cases are similarly proved.
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Subcase 2.1: Assume that a = w = y and b = z = x. Then a ∈ IG[w, y] and b ∈ IH [x, z]. Hence, a ∈ IkG[Cf ] and
b ∈ Ik
H
[Cs ].
Subcase 2.2: Suppose a = w = y and x = b = z. Then a ∈ Ik
G
[Cf ]. Further, since (a, b) ∈ IG×H [(a, x), (y, z)],
dG×H ((a, x), (y, z))= dG×H ((a, x), (a, b))+ dG×H ((a, b), (y, z)).
This implies that
dG(a, y)+ dH (x, z)= dH (x, b)+ dG(a, y)+ dH (b, z).
Thus, dH (x, z)= dH (x, b)+ dH (b, z). Therefore, b ∈ IH [x, z]. Hence, b ∈ IkH [Cs ].
Subcase 2.3: Suppose a = w = y and x = b = z. Then
dG×H ((w, x), (y, z))= dG×H ((w, x), (a, b))+ dG×H ((a, b), (y, z)).
This yields
dG(w, y)+ dH (x, z)= dG(w, a)+ dH (x, b)+ dG(a, y)+ dH (b, z).
Hence,
dG(w, y)= dG(w, a)+ dG(a, y) and dH (x, z)= dH (x, b)+ dH (b, z).
Thus, a ∈ IG[w, y] and b ∈ IH [x, z]. Therefore, a ∈ IkG[Cf ] and b ∈ IkH [Cs ].
Therefore, the assertion holds for all n. 
Theorem 5. Let G and H be connected graphs and C ⊆ V (G × H). Then C is a hull set in G × H if and only if Cf and Cs
are hull sets in G and H, respectively.
Proof. SupposeC ⊆ V (G×H) andCf andCs are hull sets inG andH, respectively. Ifw ∈ [Cf ]=V (G) and z ∈ [Cs ]=V (H),
then w ∈ Ip
G
[Cf ] = [Cf ] and z ∈ IqH [Cs ] = [Cs ] for some nonnegative integers p and q. Thus, by Lemma 3, (w, z) ∈ [C].
Hence, V (G×H) ⊆ [C]. Therefore, C is a hull set in G×H .
Conversely, suppose C ⊆ V (G×H) is a hull set inG×H . If (a, b) ∈ [C] = V (G×H), then (a, b) ∈ Ip
G×H [C] = [C] for
some nonnegative integer p. This implies that a ∈ Ip
G
[Cf ] ⊆ [Cf ] and b ∈ IpH [Cs ] ⊆ [Cs ] by Lemma 4. Hence, V (G) ⊆ [Cf ]
and V (H) ⊆ [Cs ]. Therefore, Cf and Cs are hull sets in G and H, respectively. 
Theorem 6. Let G and H be connected graphs. If A and B are minimum hull sets in G and H, respectively, then there exists
C ⊆ V (G×H) such that C is a minimum hull set in G×H and |C| =max{|A|, |B|}.
Proof. Suppose A = {x1, x2, ..., xm} and B = {y1, y2, ..., yn} are hull sets in G and H, respectively. Consider the following
cases:
Case 1: Suppose m= n. Set C = {(xk, yk) : k = 1, 2, ..., n}. Clearly, C ⊆ V (G×H) and |C| = n= |B| = |A|. Furthermore,
A= Cf and B = Cs . Thus, by Theorem 5, C is a hull set in G×H .
Case 2: Suppose m<n. Set C = {(xk, yk) : k = 1, 2, ..., m} ∪ {(x1, yj ) : j = m + 1,m + 2, ..., n}. Then, C ⊆ V (G × H)
and |C| = n= |B|. Moreover, A= Cf and B = Cs . Thus, by Theorem 5, C is a hull set in G×H .
Case 3: Supposem>n. As in case 2, it can be shown that C={(xk, yk) : k= 1, 2, ..., n} ∪ {(xi , y1) : i=n+ 1, n+ 2, ..., m}
is a hull set in G×H and |C| =m= |A|.
Therefore, in any case, there exists C ⊆ V (G×H) such that C is a hull set in G×H and |C| =max{|A|, |B|}.
It remains to show now that, in any case, C is a minimum hull set inG×H . Suppose C is not a minimum hull set. Let C∗ be
a minimum hull set inG×H . Then |C∗|< |C|. Further, C∗
f
and C∗s are hull sets in G and H, respectively, by Theorem 5. As in
the above argument, there exists C∗∗ ⊆ V (G×H) such that C∗∗ is a hull set in G×H and |C∗∗| =max{|C∗
f
|, |C∗s |} |C∗|.
SinceC∗ is minimum, |C∗∗|=|C∗|< |C|. This implies that max{|C∗
f
|, |C∗s |}<max{|A|, |B|}. Hence, either |C∗f |, |C∗s |< |A| or
|C∗
f
|, |C∗s |< |B|. In both cases, we have a contradiction since A andB are minimum hull sets inG andH, respectively. Therefore,
C is a minimum hull set in G×H . 
Corollary 7. Let G and H be two connected graphs. Then
h(G×H)= max{h(G), h(H)}.
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Example 8. Let n and m be two positive integers. Then
(1) h(Pn × Pm)= 2 for n,m 2;
(2) h(Pn ×Km)=m for n,m 2;
(3) h(Pn × Cm)= h(Cm) for n 3 and m 4;
(4) h(Cn × Cm)=max{h(Cn), h(Cm)} for n,m 4;
(5) h(Cn ×Km)=max{h(Cn),m} for n 4 and m 2 and
(6) h(Kn ×Km)=max{m, n} for n,m 2.
(7) Further, since
h(Cn)=
{
2 if n is even,
3 if n is odd,
h(Qn)= 2, whereQ1 =K2 andQn =K2 ×Qn−1 for n 2.
One of the main results of Chartrand et al. in [4] is a direct consequence of Corollary 7.
Theorem 9. Chartrand et al. [4]. For every nontrivial connected graph G, h(G)= h(G×K2).
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